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Nomenclature
Acronym Description

RadCom Radar-Communication

MIMO Multiple-Input Multiple-Output

QPSK Quadratic Phase Shift Keying

SEP Symbol Error Probability

MUI Multi-User Interference

SINR Signal-to-Interference-plus-Noise Ratio

SVD Singular Value Decomposition

TRS Trust Region Subproblem

KKT Karush-Kuhn-Tucker

SNR Signal-to-Noise Ratio

Notation Description

A or a Scalar

a Vector

A Matrix

N Normal distribution

CN Complex normal distribution

Ik k × k identity matrix

j Imaginary number
ˆ(·) Estimate

p Probability

E Expected value

∥·∥F Frobenius norm

(·)H Conjugate transpose

χ2 Chi-square distribution

1k All-one vector with k entries

(·)T Transpose

(·)opt Optimal solution

Tr(·) Trace

(·) Complex conjugate

L Lagrangian function

0k×k k × k zero matrix

nullity(·) Dimension of the kernel or null space of a matrix
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1 Problem Analysis
Today, radar and wireless communication are widely used around the world separately.
Radar is used to measure physical data, such as location and velocity, while wireless com-
munication is used to transfer information over short and long distances. 6G is the sixth
generation of wireless technology, and it is expected to launch in 2030 [4, p. 562]. Dual-
functional radar-communication (RadCom) will be a key feature in 6G. The history of dual-
functional RadCom dates back to 1963, where the first signalling scheme on the subject was
proposed [12, p. 1729]. Dual-functional RadCom leads to mutual performance gains such
as communication-assisted sensing and sensing-assisted communication. Communication-
assisted sensing is utilising the information that the communication system provides. An
example of this could be to estimate the distance to a target by measuring the signal
strength. Hence, the system can achieve better sensing performance than if it relied solely
on traditional sensing techniques. The idea is the same with sensing-assisted communica-
tion, where the information provided by the sensing system is used in order to improve the
communication system. For instance, beamforming can be enhanced in communication by
using the location of the user from the sensing system.

The application of dual-functional RadCom is beneficial in, among other things, smart
home features, healthcare, and autonomous vehicles. Merging radar and communication
into a single system also reduces hardware and signalling costs. However, there can be
some challenges of merging radar and communication. One of the challenges is to design a
dual-functional waveform that can be used for both sensing and communication. There are
two main approaches to this design: non-overlapped resource allocation or fully unified
waveforms. In the first case, the wireless resources are scheduled to not interfere with each
other. In the second case, sensing is implemented in an already existing communication
system, or vice versa. However, the fully unified waveforms also approach a joint design
where a trade-off between sensing and communication is obtainable. The non-overlapping
waveforms are easier to implement since they can be designed such that they do not
interfere with each other. However, this design has the disadvantages of low spectral
and energy efficiency. The fully unified waveforms using a joint design are the most
preferable method since they entail a scalable sensing and communication performance
trade-off. This design can be obtained by solving a non-convex optimisation problem. Such
a problem can be solved using the orthogonal Procrustes or the trust region subproblem
method [12, p. 1748]. In order to understand the theory behind dual-functional RadCom,
some basic knowledge of cellular networks is needed.

1.1 6G Cellular Networks and its Applications

A cellular network is a communication network that is divided into areas, or cells. These
cells are often hexagonal since they provide the best coverage with limited dead spots.
Each cell has a base station, which is a fixed-location transceiver that can both transmit
and receive communication via antennas. To avoid interference within each cell, a cell
uses a different set of frequencies than its neighbouring cells [16, pp. 341–342]. A cellular
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1.2. MIMO Systems

network can be seen in Figure 1.1.

Figure 1.1: A cellular network with three cells.

Rising demands for higher data rates and greater network capacity has lead to the evolu-
tion of existing cellular network architectures. This is a reason behind the development of
6G technology, which builds on the principles of the existing cellular network architecture.
Each cell from Figure 1.1 remains the same in 6G, but with additional capabilities and
improvements such as higher data rates, lower latency, and higher frequency bandwidths
[26, pp. 8–10]. The increased frequencies and bandwidth will occur somewhere in the ter-
ahertz (THz) gap at a frequency between 100 GHz and 10 THz, which is higher than the
current frequencies used for 5G. This is desirable because more bandwidth corresponds to
a higher maximum rate of data transfer [26, pp. 17–18].

In 6G, both sensing and communication will play an important role. Since both radar and
communication systems are evolving towards higher frequency bands and larger antenna
arrays, they are becoming increasingly similar. Therefore, combining them leads to a sin-
gle system, 6G. This allows for new applications in areas such as autonomous driving. An
autonomous car collects an enormous amount of data that must be shared, for example,
to inform other road users of its position. The car must also react autonomously to un-
foreseen circumstances with extremely low latency. Therefore, a very high data rate and
low latency are required at the same time, which could be possible with 6G [26, pp. 10–11,
14]. Another use for 6G could be in the field of monitoring drones. The use of drones in
civilian applications has increased in the last few years. This creates problems since drones
have the potential to be used in no-fly zones or in illegal activities, such as the surveillance
of objects and individuals. Since drones are small, vary in shape, and fly at low altitudes,
they are difficult to detect with other surveillance technologies. Here, the use of sensing
would provide a solution to monitor non-cooperative drones in low-altitude airspace [12,
pp. 1733–1734].

1.2 MIMO Systems

In this project, we consider a multiple-input multiple-output (MIMO) system with multiple
antennas at the transmitter, also referred to as the base station, and a single antenna at each
receiver. A MIMO communication system uses multiple antennas in order to transmit and
receive multiple versions of the same signal. These versions originate from the transmit
antennas but as they traverse through different propagation paths within the environment
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1.3. Dual-Functional Waveform

they undergo different changes. Therefore, they can be thought of as different versions
of the original signal. Also, the environment is referred to as the channel. The channel
can consist of two or more paths, which results in the signals being phase shifted when
arriving at the receiver. This is known as multipath propagation. The receiver is designed
to take multipath propagation into account such that it can recombine the data structure.
Therefore, if one receiver is experiencing strong destructive interference, another is likely
to obtain a sufficient signal. Thus, MIMO systems reduce issues such as fading, which is
the attenuation of the signal power while it travels through the channel. In other words,
MIMO exploits multipath propagation. This method is a form of spatial diversity, which
means that the wireless channel model uses two or more antennas at the base station to
improve the signal quality [16, pp. 284, 316–317].

A MIMO radar system corresponds to a standard phased-array radar, but with more ca-
pabilities. A phased-array is an improved simple antenna array, which is an antenna that
pulsates radio waves in a fixed direction. The phased-array can steer the direction of the
beam of radio waves without physically moving the antennas. The MIMO radar can use
the transmitted vector to design a superior beampattern compared to the phased-array
due to the increased number of degrees of freedom, which at minimum corresponds to
the number of antennas. Furthermore, MIMO radar minimises the cross-correlation of the
signals reflected from the targets of interest [10, pp. 1–3].

Figure 1.2: Dual-functional MIMO RadCom System.

1.3 Dual-Functional Waveform

As stated before, the higher frequency bands and larger antenna arrays of the radar and
communication systems are leading to similar channel characteristics. Therefore, it is
achievable to design a waveform for the dual-functional MIMO RadCom system which
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simultaneously transmits radar waveforms to the targets of interest and communicates to
the users, as seen in Figure 1.2 [13, p. 4266]. However, a base station has limited resources
in terms of transmit power and the number of antennas. Hence, when a dual-functional
waveform is used, the resources have to be shared between sensing and communication.
The resources can be allocated differently, depending on the situation. The distribution
could be evenly divided between sensing and communication or heavily skewed towards
either. For instance, in a scenario where the system encounters a greater number of targets
than users, a minimum level of communication is required, hence, resources might be ded-
icated to sensing. Conversely, the resources can be dedicated to communication if desired.
The balance of designating the resources is referred to as an adjustable trade-off. The ne-
cessity for trade-off arises because the requirements for optimal radar performance often
conflict with those for optimal communication performance. The conflict primarily arises
due to the radar and communication counteracting beamforming. Radar systems prefer
to concentrate energy towards potential targets to maximise detection. On the other hand,
communication systems tends to distribute energy towards users to ensure connectivity
[13, pp. 4264–4265]. Hence, it is necessary to design a dual-functional waveform with an
adjustable trade-off between sensing and communication performance. This leads to the
following problem statement.

1.4 Problem Statement

"How can a dual-functional waveform be designed with an adjustable trade-off between sensing
and communication performance?"

1.5 Project Delimitations

To achieve the problem statement, we aim to design a waveform that provides an ad-
justable trade-off between the sensing and communication performance. Focus will be on
solving certain optimisation problems to design the waveform.

We consider a system that has N evenly spaced antennas at the base station, which serve
dual roles as transmitters of the waveform and receivers of the radar signal. The system
simultaneously serves K single-antenna users and senses targets. We assume that there
are more antennas than users, K < N [2, p. 369]. For simplicity the waveform is modelled
using a narrowband model. The radar system is not able to estimate the distances to
the targets, due to a lack of one degree of freedom. Therefore, the targets and users are
assumed to have a known distance from the base station. Since our main objective is to
design a dual-functional waveform, our interest lies only in estimating the angle to the
target.

Regarding the communication channel, we assume Rayleigh fading, which remains un-
changed in a single communication frame. In addition, we assume that the base station
can perfectly estimate the channel [13, p. 4266].
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2 Modelling of Communication Sys-
tems
In this chapter a model of narrowband wireless communication is presented. The concepts
of large-scale and small-scale fading will be introduced, which are two types of fading
that are considered when modelling wireless channels. Furthermore, Rayleigh fading will
be presented. Then it will be discussed how the channel can be modelled as a sum of
all the reflections and how small-scale fading occurs when the signal propagates through
different paths between the transmitter and receiver. Lastly, a digital modulation technique
and a measure of communication performance is reviewed.

The signal at the receiver can be modelled as a linear system with additive noise [20, p. 41].
As mentioned in Section 1.5, we consider a MIMO system with N transmit antennas,
serving K single-antenna receivers. The signal at the single receiver is then given by

ycom = Hx + w,

where ycom ∈ CK is the signal at the receivers, x ∈ CN is the signal sent by the transmitter,
H ∈ CK×N is the channel matrix, and w ∈ CK is additive white complex Gaussian noise
w ∼ CN (0, N0IK). The noise is generated by the receiver amplifier and external radio
interference [20, pp. 41–42].

In wireless communication, it is common to split the transmission into segments of time
called frames. In this project, we assume that in a frame, the transmitter makes L trans-
missions to the receivers. This can be formulated as

Ycom = HX + W,

where Ycom =
[
y1 y2 . . . yL

]
∈ CK×L is the received symbol matrix, where a sym-

bol is one or more bits determined by a modulation format. Furthermore, X =[
x1 x2 . . . xL

]
∈ CN×L is the transmitted signal matrix, H =

[
h1 h2 . . . hK

]T ∈
CK×N is the channel matrix, and W =

[
w1 w2 . . . wL

]
∈ CK×L is the noise matrix

where wi ∼ CN (0, N0IK) for i = 1, . . . , L [13, p. 4266]. In order to analyse and simulate a
wireless communication system, a mathematical model of the channel is needed.

2.1 Channel Modelling

The channel of a communication system was described as the environment the signals
travel through in Section 1.2, but to be more precise, the channel is a medium or a pathway.
In common outdoor settings, the pathway between the transmitter and receiver is full
of objects that affect the propagation of the signal. The channel effects are summarised
into three mechanisms: reflection, diffraction, and scattering. Reflection occurs when the
wave strikes an object, where some of the wave energy is absorbed by the object, known
as shadowing. Furthermore, the wave is reflected in another direction. Diffraction is a
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2.1. Channel Modelling

phenomenon where the wave bends around the edges of objects. Scattering occurs when
the wave hits a surface and the energy of the wave is spread into multiple propagating
waves. The combination of these effects leads to a simplification of the term attenuation of
the signal. In other words, the channel effects are what cause fading [16, pp. 4–5].

When modelling wireless channels, two types of fading are considered:

• Large-scale fading is when the signal power is attenuated due to travelling large dis-
tances, this is called path loss, and large objects such as hills and buildings blocking
the signal. This usually occurs when the receiver is far away from the transmitter. In
the context of cell phones, this is, for instance, when a phone communicates with a
base station in a neighbouring cell.

• Small-scale fading is due to constructive and destructive interference when the signal
propagates through different paths. The signal undergoes multipath propagation
as a result of being reflected and scattered when hitting a surface. This is more
prominent when the cell phone and base station are within the same cell.

Due to the assumption of a small distance between the transmitter and receiver, only small-
scale fading is considered. The signal at the receiver can be modelled as the sum of all
the reflections. Therefore, the channel between the mth antenna and the ith user is given
by

Hi,m =
C

∑
c=0

ace−j2π f0τc , (2.1)

where f0 is the carrier frequency, C is the number of reflections, ac is the attenuation of
the cth reflection, and τc is the propagation delay of the cth reflection. If each reflection
attenuation and propagation delay are assumed to be independent, then (2.1) becomes a
sum of independent random variables. In small-scale fading, a large number of reflections
occur, and it is assumed this tends to infinity. Due to the central limit theorem, as the
number of paths tends to infinity Hi,m ∼ CN (0, σ2

H). This is called Rayleigh fading [20,
pp. 47–48]. Furthermore, small-scale fading can be classified into two types: flat fading
or frequency-selective fading. Flat fading means that the fading is frequency-flat, hence,
all frequencies in the signal are attenuated equally in the frequency band. Frequency-
selective fading means that the attenuation of all frequencies varies significantly across the
frequency range [20, p. 45].

The fading of this project is assumed to be flat Rayleigh fading. In a flat Rayleigh fading
channel, the attenuation of the signal varies randomly with time, causing the amplitude
and phase of the received signal to swing rapidly. However, it can be assumed that the
channel is constant for a certain amount of time. This is called coherence time. Due to the
rapid and random attenuation over time, the coherence time is relatively small. Therefore,
the time it takes the transmitter to transmit one symbol can be assumed to be larger than
the coherence time. Hence, the entries in the channel matrix H are independent, also called
noncoherent communication [20, pp. 27, 64–65].
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2.2. Digital Modulation

2.2 Digital Modulation

In order to transmit digital information, it has to be converted from bits into an analogue
waveform, which is transmitted over the channel. This is accomplished by digital modu-
lation, which encodes digital information into the transmitted signal. Digital modulation
uses various techniques to alternate the amplitude, frequency, and phase of the transmit-
ted signal. An example is the technique called quadratic phase shift keying (QPSK), which
solely alternates the phase of the transmitted signal. QPSK is a bits-to-symbols mapping,
which means it maps a pair of bits on the unit circle in the complex plane. The unit circle
consists of four points that are equidistantly located π

2 apart from each other. These points
are called constellation symbols, and the map is called a constellation diagram. QPSK can
thus assign a sequence of bits to the carrier signal by modulating its phase [8, pp. 14–15].
This is depicted on Figure 2.1a and Figure 2.1b.

Re

Im

1101

00 10

(a) Constellation diagram for QPSK.
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(b) A carrier wave transmitting 11010010.

Figure 2.1

The constellation mapping by QPSK is usually done by Gray encoding, also called Gray
code. This means that the symbols adjacent to each other do not differ by more than one
bit. This property makes Gray encoding particularly useful in situations where noise or
interference causes errors in the received signal. In contrast, if a binary encoding were
used, adjacent symbols in the constellation diagram could differ by more than one bit,
increasing the number of bit errors [8, p. 15].

2.3 Symbol Error Probability

The symbol error probability (SEP) measures the probability that a symbol is incorrectly
detected or received in the presence of noise in the communication channel. This will
be used as a measure of communication performance. In QPSK, there are four decision
regions, which correspond to the four possible transmitted symbols. Furthermore, the
decision regions correspond to the areas in the constellation diagram where the received
signal points are closest to one of the four transmitted symbols. The decision regions can
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2.3. Symbol Error Probability

be defined by a function d(·):

ŝ = d(y),

where d(·) maps the received symbol y to the closest symbol, ŝ is the estimate of the
transmitted symbol obtained from the decision function. The SEP is the probability of
decoding a symbol wrong and is defined as

Pe = p(ŝ ̸= s|s transmitted),

where s is the true value of the symbol [16, p. 114].

It is desirable to achieve a lower SEP since it implies that the receiver is more likely to
correctly decode the received symbols. This can be problematic due to the multi-user
interference (MUI) that can increase the SEP for each user. To describe the effect of MUI,
the received signal can be expressed in terms of a desired constellation symbol matrix
S ∈ CK×L. Specifically, the signal at the receivers can be represented as

Ycom = S + HX − S + W.

The term HX − S is referred to as the MUI signal. This represents interference that oc-
curs when communicating with multiple users simultaneously. Since communication hap-
pens simultaneously, one receiver also obtains the signals intended for the other receivers,
hence, interference occurs [13, p. 4266].

When analysing a wireless communication system with multiple users, one important
metric is the signal-to-interference-plus-noise ratio (SINR). The SINR is used to measure
the channel quality for each user. It is defined as the ratio between the power of the signal
and MUI energy for the user plus background noise. The SINR for the ith user is given
by

γi =
E
(
|si,t|2

)
E
(
|hT

i xt − si,t|2
)
+ N0

,

where E denotes the expected value with respect to the time index t. The |si,t|2 term is
the power of the signal intended for the ith user, while in the denominator |hT

i xt − si,t|2
represents the power of the interference at the ith user. Lastly, N0 is the variance of the
noise.

The SINR can be maximised by minimising the total MUI energy, which is given by

PMUI = ∥HX − S∥2
F.

This leads to the connection between the SEP and SINR. The probability of a symbol error
occurring is dependent on the quality of the channel, in other words, if the channel is
noisy, the SEP will be increased [20, pp. 17–18]. Hence, given a constellation and channel
matrix, the desired waveform can be designed by minimising the MUI energy [13, p. 4266]
[15, p. 1060].
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2.4. Power Constraint

2.4 Power Constraint

The transmitter cannot transmit a signal with infinite power. Hence, when designing a
waveform, the total power has to be constrained. The total power the system can transmit
is assumed to be known and is denoted PT. In this project, two different power constraints
are considered: the per-antenna power constraint and the total power constraint. The per-
antenna power constraint is where the transmitter transmits with equal power on all the
antennas. This constant is equivalent to

1
L

diag
(

XXH
)
=

PT

N
1N ,

where diag(·) constructs a vector of the diagonal entries of a matrix and 1N =[
1 1 . . . 1

]T ∈ RN . The total power constraint is where only the total transmitted
power is constrained. Mathematically, this is given as

1
L
∥X∥2

F = PT.

In general, the per-antenna power constraint is considered more strict [15, p. 1060].
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3 Radar Sensing
A radar is a system for detection and localisation of objects using radio waves. A radio
wave is an electromagnetic wave with frequencies up to 300 GHz in the electromagnetic
spectrum [24, p. 436]. The radio waves are emitted by the transmitting antenna. When the
radio wave hits a target, it is reflected back to the receiving antenna. If the transmitting
and receiving are performed by the same antenna, the radar system is called monostatic.
Otherwise, it is called bistatic. A monostatic radar system can be seen in Figure 3.1.

Radar Antenna

Target

Transmitted WaveReflected Wave

Figure 3.1: A monostatic radar system.

From the receiving antenna, the signal is delivered to a receiver, where the state of the
target is extracted. This could, for example, be information of the location and velocity of
the target [19, p. 1]. Multiple antennas connected together to work as one single antenna
are called an antenna array. A phased array is an antenna array where each individual
antenna element can have different phase shifts. This is controlled by a computer without
the antennas moving physically. The benefit of a phased array is being able to steer the
radio waves in different directions. An advanced type of phased array is a MIMO radar. A
standard phased array transmits scaled versions of a single waveform, whereas a MIMO
radar can transmit multiple probing signals simultaneously [10, pp. 1–3].

3.1 MIMO Radar

Consider a MIMO radar system with NT transmit antennas and NR receive antennas. A
MIMO radar can identify a maximum number of targets up to NT times that of its phased-
array counterpart [10, p. 2]. The transmit signal vector is given as

x(n) =
[
x1(n) x2(n) · · · xNT (n)

]T
for n = 1, . . . , L

where xm(n) is the discrete-time baseband signal transmitted by the mth transmit antenna.
The array for the transmit antenna is described by the steering vector. The steering vector
represents the phase delays for an incoming wave at each antenna. For a uniform linear
array the steering vector is

a(θt) =
[
1 e−j2π d

λ sin(θt) · · · e−j2π d
λ sin(θt)(NT−1)

]T
, (3.1)

10



3.1. MIMO Radar

where θt is the departure angle, λ is the wavelength of the transmitted signal, and d is the
distance between the antennas as depicted in Figure 3.2.

d d d

d sin(θ)
θ

Figure 3.2: Uniform linear array antennas.

In a uniform linear array, the spacing d between the antennas is uniform. When the
spacing is equal to or greater than half of the wavelength, multiple side lobes will be
formed. Therefore, to achieve a higher directivity for the antenna array, the spacing is set
equal to d = λ

2 [6, pp. 1–2]. This yields the following expression for (3.1)

a(θt) =
[
1 e−jπ sin(θt) · · · e−jπ sin(θt)(NT−1)

]T
.

The received signal is given as

y(n) =
[
y1(n) y2(n) · · · yNR(n)

]T
for n = 1, . . . , L

where ym(n) is the signal received by the mth receive antenna. The array for the receive
antenna is described by the steering vector

a(θr) =
[
1 e−jπ sin(θr) · · · e−jπ sin(θr)(NR−1)

]T
,

where θr is the arriving angle at the receive antenna [24, p. 439]. The received data vector
with B paths is then

y(n) =
B

∑
b=1

βba(θr,b)aT(θt,b)x(n) + ϵ(n), (3.2)

where βb is the complex channel gain and ϵ(n) is additive white complex noise ϵ(n) ∼
CN

(
0, σ2

ϵ INR

)
[27, p. 2].

The complex channel gain can be written as

βb = |βb|ej
2π(d1,b+d2,b)

λ ,

where d1,b, d2,b are the lengths of the paths from the antenna to the object causing scat-
tering and from that to the target. If the wavelength is large compared to the distance to
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3.2. Probing Signal Design

the object, a small change in position results in a large difference in phase. Hence, it is
reasonable to assume that the phase of the channel gain is uniformly distributed on the
interval 0 to 2π. The amplitude is a function of how well the object is reflecting the signal
and the path loss. It is assumed that the amplitude is normal distributed. Hence, the
complex channel gain can be modelled as βb ∼ CN (0, σ2

βb
) [7, p. 7584] [1, p. 4947].

As specified in Section 1.5, we assume the radar system to be monostatic. Therefore,
the number of transmit antennas NT and receive antennas NR are the same number of
antennas, is denoted as N. The same applies to the angles θt and θr, which will be denoted
as θ.

3.2 Probing Signal Design

The radar beampattern can be designed to concentrate power towards desirable directions
to increase the chance of detecting a target. The desired beampattern can be obtained by
designing the probing signal. The power of the probing signal, also called the transmit
beampattern, transmitted from the antenna at an angle θ, is given by

P(θ) = aH(θ)Ra(θ),

where R is the covariance matrix of the transmit signal vector x(n), defined as

R = E[x(n)xH(n)]. (3.3)

However, (3.3) is a theoretical covariance matrix, which cannot be exactly determined.
Hence, in practice, an estimate is used instead, the sample covariance matrix, defined
as

R̂ =
1
L

XXH,

where X ∈ CN×L is the transmitted signal matrix [9, pp. 70–72] [13, p. 4266]. Since the
transmitter cannot transmit a signal with infinite power, the covariance matrix has to be
chosen under a per-antenna power constraint

R̂mm =
PT

N
, m = 1, . . . , N,

where R̂mm denotes the (m, m)th entry of R̂, N is the number of transmit antennas, and PT

is the total transmit power.

With the design of R̂ under the per-antenna power constraint, it is desired to achieve the
following goals:

a) To approximate or match a desired transmit beampattern, and

b) to minimise the cross-correlation between the probing signals at a number of given
target locations.

12



3.2. Probing Signal Design

According to (a), it is desired to choose R̂ such that the transmit power is used to maximise
the probing signal power at the locations of the targets of interest and to minimise it
anywhere else. Regarding (b), the cross-correlation between the probing signals at the
angles θ1 and θ2 is defined as

aH(θ1)R̂a(θ2).

Choosing R̂ depends on the considered MIMO design problem. In this project, R̂ is chosen
as the covariance matrix R̂ ∈ RN×N , which can be defined as

R̂ =
PT

N



1 ξ ξ2 · · · ξN−1

ξ 1 ξ
. . .

...

ξ2 ξ 1
. . .

...
. . . . . . . . . ξ

ξN−1 · · · ξ 1


,

where 0 ≤ ξ ≤ 1. In the case of orthogonal transmit signals, i.e., ξ = 0, the signals are
mutually uncorrelated, and the covariance matrix is R̂ = PT

N IN . This results in an omni-
directional transmission, which is the transmission of radio waves equal in all directions.
In the case where ξ = 1, the signals are perfectly coherent. For values of ξ between 0 and
1, the signals are partially correlated. This results in a directional transmission, which fo-
cuses the transmission in a certain number of directions based on the number of antennas
[18, pp. 173–174]. On Figure 3.3, the beampattern is shown for different values of ξ. It can
be seen that for ξ = 0 the beampattern is omnidirectional and becomes more concentrated
at θ = 0◦ as ξ increases.
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Figure 3.3: Beampatterns for different values of ξ. PT = 1 and N = 16.
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3.3. Detection Probability

3.3 Detection Probability

In target detection, the target is either present or absent. If it is present, the received wave-
form is reflected by the target with some additive noise due to the electronic components
and external sources. If the target is absent, only noise will be present. Thus, to mea-
sure the performance of the radar system, it is desired to distinguish between a present
or absent target. This can be modelled as a hypothesis testing problem, where the two
hypotheses β ̸= 0 and β = 0 are when the target is present or absent, respectively. If
β ̸= 0 holds true and the target is detected, it is referred to as the probability of detection,
denoted PD. If β = 0 holds true but a target is detected, a false alarm occurs. The prob-
ability of a false alarm is denoted PFA. False alarms are generated when noise exceeds a
chosen threshold level, denoted γ. If the threshold is too low, the number of false alarms
increases, masking the detection of real targets. If the threshold is too high, fewer targets
and false alarms will be detected. Therefore, a balanced threshold level is desired.

In this project, our aim is to compute the detection probability of a target along a hypoth-
esised path. This is done by following the derivation in [27, p. 3]. If the number of receive
antennas or the signal bandwidth go to infinity, the paths are independent and the resolu-
tion is high enough to distinguish one target from another. However, as it is customary to
have large antenna arrays, it is assumed that the paths are always independent [1, p. 4943].
Hence, only one path is observed. Thus, we will restate the received data vector (3.2) for
B = 1, and define the hypothesised received data vector as

ỹ(n) = β̃a
(
θ̃
)

aT (θ̃) x(n) + ϵ(n),

where ϵ(n) ∼ CN
(
0, σ2

ϵIN
)

and ˜(·) represent the hypothesised value.

The detection probability for ỹ(n) is calculated using the following method. First, ỹ(n)
must separate the components stemming from the target and noise. Then, the signal is
normalised to obtain the scalar value, y̆. From this we derive |y̆|2 as our test statistic of
interest which has a non-central χ2 distribution. The distribution of the test statistic allows
us to calculate the PD [27, p. 3].

First, a matched filter is used, thus multiplying ỹ(n) with the conjugate transpose of
p̃(n) = a

(
θ̃
)

aT (θ̃) x(n), yielding

z̃(n) = β̃||p̃(n)||2 + p̃(n)Hϵ(n).

This is done since p̃(n) is a known transmitted signal, where the unknown reflected signal
ỹ(n) is examined for the elements that match those of the transmitted signal [21, p. 313].
When multiplying ϵ(n) with p̃(n)H the variance changes to ||p̃(n)||2σ2

ϵ . Furthermore,
when a constant is added to ϵ(n), the mean and variance are shifted, hence, the distribu-
tion is z̃(n) ∼ CN

(
β̃||p̃(n)||2, ||p̃(n)||2σ2

ϵ

)
.

Then, the observation ỹ is defined as the sum of z̃(n) over all transmissions, such that

ỹ =
L

∑
n=1

z̃(n).

14



3.3. Detection Probability

The normalisation of ỹ can be calculated as

y̆ =
ỹ√

var(ỹ)/2
,

where y̆ ∼ CN
(

σ2
ϵ β̃ ∑L

n=1 ||p̃(n)||2, 2
)

. The test statistic of interest is |y̆|2 = Re{y̆}2 +

Im{y̆}2. Since

Re{y̆}2 ∼ N
(

σ2
ϵ β̃

L

∑
n=1

||p̃(n)||2, 1

)
,

Im{y̆}2 ∼ N
(

σ2
ϵ β̃

L

∑
n=1

||p̃(n)||2, 1

)
,

then |y̆|2 follows a non-central χ2 distribution with two degrees of freedom, denoted |y̆|2 ∼
χ2

2(λ). The non-centrality parameter λ is the sum of the squared expected value of Re{y̆}
and Im{y̆}, hence

λ = E[Re{y̆}]2 + E[Im{y̆}]2

= |E[y̆]|2

=

∣∣∣∣∣∣∣∑
L
n=1 β̃||p̃(n)||2√
σ2

ϵ ∑L
n=1 ||p̃(n)||2√

2

∣∣∣∣∣∣∣
2

=
2|β̃|2

σ2
ϵ

|∑L
n=1 ||p̃(n)||2|2

∑L
n=1 ||p̃(n)||2

=
2|β̃|2

σ2
ϵ

L

∑
n=1

||p̃(n)||2.

Given a detection threshold γ and β̃ ̸= 0, which means the target is present, the probability
of detecting the target is

PD(θ|β̃) = p
(
|y̆|2 > γ|β̃

)
= Q1


√√√√2|β̃|2

σ2
ϵ

L

∑
n=1

||p̃(n)||2,
√

γ

 ,

where Q1(·, ·) is the Marcum Q-function. This function can be numerically approxi-
mated, which is useful for evaluating the detection probability in practical applications
[17, p. 47].

In the opposite case, β̃ = 0, which means the target is absent, and the non-centrality
parameter λ = 0. The probability of a false alarm is given as

PFA = p
(
|y̆|2 > γ|β̃ = 0

)
= Q1(0,

√
γ) = e−

γ
2 .

The last equation stems from the property of the Marcum Q-function Q1(0, x) = e−
x2
2 [17,

p. 48]. Thus, we isolate γ in the above equation, and we get γ = −2 log pFA.
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3.3. Detection Probability

The Marcum Q-function computes the PD of a specific value β̃. This can result in a random
outcome. To solve this problem, we calculate the expectation over the distribution of β̃.
The expected detection probability is

PD(θ) = Eβ̃

Q1


√√√√2|β̃|2

σ2
ϵ

L

∑
n=1

||p̃(n)||2,
√

γ

 .

The expected detection probability can be numerically calculated as the ensemble average
with respect to β̃. This chapter concludes the communication and radar theory needed to
design dual-functional waveforms.
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4 Optimisation Methods
To design a dual-functional waveform with a trade-off between radar and communication,
optimisation problems for different beampatterns must be derived and solved. There-
fore, in this chapter, the two necessary optimisation problems will be reviewed. These
two methods are the orthogonal Procrustes problem and the trust region subproblem
(TRS).

4.1 Orthogonal Procrustes Problem

In the orthogonal Procrustes problem, one seeks to find a matrix with orthonormal rows
Q that minimises

∥AQ − B∥2
F,

where ∥·∥F denotes the Frobenius norm.

Theorem 4.1 (Orthogonal Procrustes Problem)
Let A ∈ Cm×n, and B ∈ Cm×a be given, and Q ∈ Cn×a with n ≤ a be a unitary matrix
when n = a. Then, the orthogonal Procrustes problem is given by

min
Q

∥AQ − B∥2
F

s.t. QQH = In,

and have a global minimum at

Qopt = VIn×aUH,

where In×a =
[
In 0n×(a−n)

]
and UΣVH is the singular value decomposition (SVD) of

BHA. [23, Definition 1.0.2]

Proof
First, the objective function is rewritten using the Frobenius norm as defined in Defini-
tion A.4

∥AQ − B∥2
F = Tr

(
(AQ − B)H(AQ − B)

)
= Tr

(
QHAHAQ

)
− Tr

(
BHAQ

)
− Tr

(
QHAHB

)
+ Tr

(
BHB

)
.

Using the cyclic property of trace Lemma A.2 and the fact that Tr
(

AH
)

= Tr(A) by
Lemma A.3

= Tr
(

QQHAHA
)
− Tr

(
QBHA

)
− Tr

(
QBHA

)
+ Tr

(
BHB

)
.
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4.2. Trust Region Subproblem

Using that QQH = In

∥AQ − B∥2
F = ∥A∥2

F − 2 Re
{

Tr
(

QBHA
)}

+ ∥B∥2
F. (4.1)

Hence, (4.1) can be minimised by maximising Re
{

Tr
(

QBHA
)}

. Let UΣVH be the SVD

of BHA, where U ∈ Ca×a, Σ ∈ Ca×n, and V ∈ Cn×n. Then we have

Re
{

Tr
(

QBHA
)}

= Re
{

Tr
(

QUΣVH
)}

= Re
{

Tr
(

ΣVHQU
)}

,

let Z = VHQU

= Re{Tr(ΣZ)}

= Re

{
d

∑
i=1

σi,izi,i

}
, (4.2)

where d is the number of non-zero singular values and σi,i are the singular values of BHA.
Z ∈ Cn×a has orthonormal rows because it is a product of matrices with orthonormal
rows, and since Σ is a diagonal matrix, (4.2) can be maximised by choosing Z = In×a.
From this, Qopt can be obtained as

In×a = VHQoptU ⇔ Qopt = VIn×aUH. ■

To solve the second optimisation problem for a dual-functional waveform with a trade-off
design between radar and communication, the trust region method is used.

4.2 Trust Region Subproblem

The idea behind trust region methods is to minimise the quadratic model at each iteration
as in Newton’s method, but we restrict ourselves to a ball-shaped region, called the trust
region. At each iteration, the TRS must be solved. In the optimisation problem for a trade-
off design we need to solve the TRS for complex-valued matrices rewritten as vectors.
Therefore, the TRS will be defined for complex vectors in this project. The TRS is defined
as

min q(x) = xHAx − 2Re
{

aHx
}

(4.3)

s.t. ∥x∥2
2≤ s2,

where A ∈ Cn×n is a Hermitian matrix, a ∈ Cn is known, x ∈ Cn is a vector of unknowns,
and s is a positive scalar [5, p. 1]. The first term of the objective function is always real, as
shown in Lemma A.5.

The Karush-Kuhn-Tucker (KKT) necessary conditions for the TRS are established in the
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4.2. Trust Region Subproblem

following theorem. Any optimal point to an optimisation problem with a differentiable
objective and constraint function must satisfy the KKT conditions [3, p. 243].

Theorem 4.2 (Necessary and Sufficient Conditions)
The point xopt is a solution to the trust region subproblem if and only if

∥xopt∥2
2 ≤ s2,

(A − λoptIn)xopt = a,

λopt(∥xopt∥2
2 − s2) = 0,

A − λoptIn ⪰ 0,

λopt ≤ 0,

where λopt is a Lagrange multiplier and ⪰ denotes that A − λoptIn is positive
semidefinite. [5, Theorem 3.1]

Proof
” ⇒ ” : First, we will prove that if xopt is a solution to the TRS, then the second order
necessary condition can be strengthened to A−λoptIn ⪰ 0. Suppose that xopt is a solution
to the TRS in (4.3). We can assume that the trivial case xopt = 0 does not hold since s > 0.
The lagrangian function is

L(x, λ) = xHAx − 2Re
{

aHx
}
− λ

(
∥x∥2 − s2) .

The KKT conditions for the TRS yield

• ∥xopt∥2
2 ≤ s2 (Feasibility),

• ∇xL(xopt, λopt) = (A − λoptIn)xopt − a = 0 (Stationarity),

• λopt(∥xopt∥2
2 − s2) = 0 (Complementary Slackness),

• λopt ≤ 0,

• and if ∥xopt∥2
2 = s2, 0 ≤ yH(A − λoptIn)y for all y such that yHxopt = 0 (2nd order

necessary condition).

Since xopt solves the TRS, the following inequality must hold true for the objective func-
tion q(xopt) ≤ q(x) for all x satisfying ∥x∥2

2 = ∥xopt∥2
2. Combined with (A − λoptIn)xopt =

a this yields

xH
optAxopt − 2Re

{
xH

opt(A − λoptIn)xopt

}
≤ xHAx − 2Re

{
xH

opt(A − λoptIn)x
}

−xHAx + 2Re
{

xH
opt(A − λoptIn)x

}
≤ −xH

optAxopt + 2Re
{

xH
opt(A − λoptIn)xopt

}
= −xH

optAxopt + 2Re
{

xH
optAxopt − xH

optλoptInxopt

}
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By Lemma A.5 we can write

−xHAx + 2 Re
{

xH
opt(A − λoptIn)x

}
≤ −xH

optAxopt + 2xH
optAxopt − 2xH

optλoptInxopt

= xH
optAxopt − 2xH

optλoptInxopt

Using that xH
optxopt = ∥xopt∥2

2 = ∥x∥2
2 = xHx we can write

0 ≤ xH
optAxopt − xH

optλoptInxopt + xHAx − xHλoptInx − 2 Re
{

xH
opt(A − λoptIn)x

}
= xH

opt(A − λoptIn)xopt + xH(A − λoptIn)x − 2 Re
{

xH
opt(A − λoptIn)x

}
= xH

opt(A − λoptIn)xopt + xH(A − λoptIn)x − xH
opt(A − λoptIn)x − xH

opt(A − λoptIn)x

= xH
opt(A − λoptIn)xopt + xH(A − λoptIn)x − xH

opt(A − λoptIn)x − xH(A − λoptIn)xopt

= (xH
opt(A − λoptI)− xH(A − λoptI))(xopt − x)

= (xopt − x)H(A − λoptIn)(xopt − x).

This can be rewritten as

0 ≤ yH(A − λoptIn)y for all y such that yHxopt ̸= 0, (4.4)

where y = α(xopt − x) for a well chosen α ̸= 0 and x. Let α =
∥y∥2

2
2yHxopt

and x = xopt − 1
α y.

Then (4.4) in addition to the second order necessary condition yields

A − λoptIn ⪰ 0.

” ⇐ ” : Next we will prove that if the necessary and sufficient conditions are fulfilled,
then xopt is a solution to the TRS. Let xopt and λopt ≤ 0 be a solution to the following
equations

∥xopt∥2
2 ≤ s2,

(A − λoptIn)xopt = a,

λopt(∥xopt∥2
2 − s2) = 0,

A − λoptIn ⪰ 0.

Then, for any x ∈ Cn

0 ≤ (xopt − x)H(A − λoptIn)(xopt − x)

= (xH
opt(A − λoptIn)− xH(A − λoptIn))(xopt − x)

= xH
opt(A − λoptIn)xopt + xH(A − λoptIn)x − xH(A − λoptIn)xopt − xH

opt(A − λoptIn)x

= xH
opt(A − λoptIn)xopt + xH(A − λoptIn)x − xH

opt(A − λoptIn)x − xH
opt(A − λoptIn)x

= xH
opt(A − λoptIn)xopt + xH(A − λoptIn)x − 2 Re

{
xH

opt(A − λoptIn)x
}

= −xH
opt(A − λoptIn)xopt + 2xH

opt(A − λoptIn)xopt

+ xH(A − λoptIn)x − 2 Re
{

xH
opt(A − λoptIn)x

}
.
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By Lemma A.5, this can be rewritten as

0 ≤ −xH
opt(A − λoptIn)xopt + 2 Re

{
xH

opt(A − λoptIn)xopt

}
+ xH(A − λoptIn)x − 2 Re

{
xH

opt(A − λoptIn)x
}

.

Recall that (A − λoptIn)xopt = a

0 ≤ −xH
opt(A − λoptIn)xopt + 2 Re

{
aHxopt

}
+ xH(A − λoptIn)x − 2 Re

{
aHx

}
= −xH

optAxopt + xH
optλoptInxopt + 2 Re

{
aHxopt

}
+ xHAx − xHλoptInx − 2 Re

{
aHx

}
.(4.5)

The objective functions q(x) and q(xopt) appear in (4.5). This yields

0 ≤ −q(xopt) + xH
optλoptInxopt + q(x)− xHλoptInx.

We can now formulate

q(xopt)− xH
optλoptInxopt + xHλoptInx ≤ q(x)

q(xopt)− λopt
(
∥xopt∥2

2 − ∥x∥2
2
)
≤ q(x). (4.6)

Since λopt(∥xopt∥2
2 − s2) = 0, either λopt = 0 or ∥xopt∥2

2 = s2. If λopt = 0 then (4.6) implies
that xopt is a solution to the TRS. If ∥xopt∥2

2 = s2 then for all x such that ∥x∥2
2 ≤ s2 it holds

that −λopt(∥xopt∥2
2 − s2) ≥ 0 and again (4.6) implies that xopt is a solution to the TRS. ■

Having presented the necessary optimisation methods, some waveform designs will be
derived in the next chapter.
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5 Waveform Design
In this chapter, the orthogonal Proscutes problem and TRS optimisation methods as pre-
sented in Chapter 4 will be used to design the dual-functional waveforms. The waveforms
will be designed for an omnidirectional and directional beampattern. Furthermore, a
trade-off design with a total power constraint will be derived.

5.1 Omnidirectional Beampattern Design with a Strict Equality
Constraint

In this section, the beampattern design is considered to be omnidirectional. Therefore,
the columns of the transmitted waveform X must be orthogonal such that each antenna’s
signal is uncorrelated to each other.

As stated in Section 2.3, a minimal SEP can be achieved by minimising the MUI energy.
Thereby, for a waveform with an omnidirectional beampattern the SEP can be minimised
by solving the minimisation problem

min
X

∥HX − S∥2
F (5.1)

s.t.
1
L

XXH =
PT

N
IN ,

[13, p. 4267]. The minimisation problem can be rewritten as an orthogonal Procrustes
problem, as stated in Theorem 4.1. This is achieved by making the substitution

X̃ =

√
N

LPT
X ⇐⇒ X =

√
LPT

N
X̃. (5.2)

We obtain a minimisation problem for X̃

min
X̃

∥∥∥∥∥
√

LPT

N
HX̃ − S

∥∥∥∥∥
2

F

(5.3)

s.t. X̃X̃H
= IN .

In the proof of Theorem 4.1 it was shown that the minimisation problem is equivalent to
maximising √

LPT

N
Re
{

Tr
(

X̃SHH
)}

, (5.4)

thereby the scalar
√

LPT
N can be disregarded in (5.3). The minimisation problem with X̃ can

be solved by following the proof of Theorem 4.1. Let VΣUH be the SVD of SHH, then the
solution to (5.3) is

X̃ = VIN×LUH,
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5.2. Directional Beampattern Design with a Strict Equality Constraint

where U ∈ CN×N and V ∈ CL×L are both unitary matrices, and IN×L =
[
IN 0N×(L−N)

]
.

Lastly, we can find the solution for the original minimisation problem (5.1) by substituting
X̃ into (5.2) which yields

Xopt =

√
LPT

N
VIN×LUH.

5.2 Directional Beampattern Design with a Strict Equality Con-
straint

In this section, the beampattern design is considered to be directional. R is assumed to be
given and is designed such that the waveform has a per-antenna power constraint. The
waveform can be found by solving the MUI minimisation problem

min
X

∥HX − S∥2
F (5.5)

s.t.
1
L

XXH = R,

where R is the covariance matrix defined as (3.3) and is assumed to be a Hermitian positive
definite matrix [13, p. 4267]. Hence, R can be Cholesky decomposed

R = FFH,

where F ∈ CN×N is a lower triangular invertible matrix [11, Theorem 18.26]. The equality
constraint can be reformulated as

1
L

F−1XXH
(

FH
)−1

= IN .

Then, the minimisation problem can be rewritten as an orthogonal Procrustes problem by
making the substitution

X̃ =

√
1
L

F−1X ⇐⇒ X =
√

LFX̃. (5.6)

Hence, the minimisation problem becomes

min
X̃

∥∥∥√LHFX̃ − S
∥∥∥2

F
(5.7)

s.t. X̃X̃H
= IN .

The scalar
√

L can again be disregarded by the same argument as in (5.4). The minimisa-
tion problem can be solved by following the proof of Theorem 4.1. Let ṼΣ̃ŨH be the SVD
of SHHF, then the solution to (5.7) is

X̃ = ṼIN×LŨH.

The solution to the original optimisation problem (5.5) can be found by substituting X̃ into
(5.6), hence

Xopt =
√

LFṼIN×LŨH.
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5.3 Trade-off Design with a Total Power Constraint

In this section, a waveform design with a trade-off between radar and communication
performance is considered. The waveform is designed with a total power constraint. Let
X0 be a waveform with a desirable radar beampattern, for instance, the waveform derived
in Section 5.1 or Section 5.2. Then the minimisation problem for trade-off design with a
total power constraint is given as

min
X

ρ∥HX − S∥2
F + (1 − ρ)∥X − X0∥2

F (5.8)

s.t.
1
L
∥X∥2

F ≤ PT,

where 0 ≤ ρ ≤ 1 is a weighting factor for radar and communication performance [13,
p. 4268]. If ρ = 0, the radar is given full priority, and if ρ = 1, the communication is given
full priority. The minimisation problem shows a total power constraint as an inequality.
However, in this project, we intend to find a solution on the boundary of this constraint,
aiming for the optimal solution that fully utilises the allowed power budget.

In order to obtain a solution to (5.8), the objective function is rewritten [13, p. 4268].

ρ∥HX − S∥2
F + (1 − ρ)∥X − X0∥2

F = ∥√ρHX −√
ρS∥2

F + ∥
√

1 − ρX −
√

1 − ρX0∥2
F

=

∥∥∥∥[ √
ρH√

1 − ρIN

]
X −

[ √
ρS√

1 − ρX0

]∥∥∥∥2

F

=
∥∥∥[√ρHT √

1 − ρIN
]T

X −
[√

ρST √
1 − ρXT

0
]T
∥∥∥2

F
.

Denote
A =

[√
ρHT √

1 − ρIN
]T

and B =
[√

ρST √
1 − ρXT

0
]T

,

where A ∈ C(K+N)×N and B ∈ C(K+N)×L. Then, the minimisation problem is given as

min
X

∥AX − B∥2
F (5.9)

s.t. ∥X∥2
F ≤ LPT.

The objective function (5.9) can once again be rewritten as

∥AX − B∥2
F = Tr

(
(AX − B)H(AX − B)

)
= Tr

(
XHAHAX

)
− Tr

(
XHAHB

)
− Tr

(
BHAX

)
+ Tr

(
BHB

)
. (5.10)

Define
Q = AHA ∈ CN×N and G = AHB ∈ CN×L.

By the cyclic property of trace Lemma A.2 and Lemma A.3, the expression in (5.10) can be
written as

Tr
(

XHQX
)
− Tr

(
XHG

)
− Tr

(
GHX

)
+ Tr

(
BHB

)
= Tr

(
XHQX

)
− Tr (GHX)− Tr

(
GHX

)
+ Tr

(
BHB

)
= Tr

(
XHQX

)
− 2Re

{
Tr
(

GHX
)}

+ ∥B∥2
F,
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5.3. Trade-off Design with a Total Power Constraint

where ∥B∥2
F is disregarded in the minimisation problem since it does not depend on X.

Then, the minimisation problem is given as

min
X

Tr
(

XHQX
)
− 2Re

{
Tr
(

GHX
)}

(5.11)

s.t. ∥X∥2
F ≤ LPT.

It is clear from the definition of Q that it is a Hermitian matrix. In order to find a solution
to the minimisation problem, it should be reformulated as a vector minimisation problem.
Let xi and gi denote the i’th column vector of X and G, respectively. Then, the following
vectors can be defined

x̃ =


x1

x2

x3
...

xL

 ∈ CNL, g̃ =


g1
g2
g3
...

gL

 ∈ CNL.

We define a matrix Q̃ as

Q̃ =


Q 0N×N · · · 0N×N

0N×N Q · · · 0N×N
...

...
. . .

...
0N×N 0N×N · · · Q

 ∈ CNL×NL

where 0N×N is a N × N zero matrix. By using the above notation, the minimisation prob-
lem (5.11) can be written as

min
x̃

x̃HQ̃x̃ − 2Re
{

g̃Hx̃
}

s.t. ∥x̃∥2
2 ≤ LPT.

Note that since Q is Hermitian, so is Q̃. The optimisation problem is recognised as a
complex TRS. Therefore, in the following, the KKT conditions for the optimisation problem
will be stated. Let x̃opt and λopt be the optimal points. Then, by Theorem 4.2 the following
holds

∥x̃opt∥2
2 ≤ LPT,(

Q̃ − λoptINL
)

x̃opt = g̃, (5.12)

λopt(∥xopt∥2
2 − LPT) = 0, (5.13)

Q̃ − λoptINL ⪰ 0, (5.14)

λopt ≤ 0. (5.15)

Note that (5.14) implies that λopt ≤ λmin, where λmin is the smallest eigenvalue of Q̃.
When λopt < λmin it is called the easy case and when λopt = λmin it is called the hard case.
In order to determine when we are in which case, the smallest eigenvalue of Q̃ can be
calculated.
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5.3. Trade-off Design with a Total Power Constraint

It is first noted that if λ is an eigenvalue of Q then it is also an eigenvalue of Q̃ with
multiplicity L. Hence, the smallest eigenvalue of Q̃ can be obtained by finding the smallest
eigenvalue of Q. Q can be calculated as

Q = AHA

=
[√

ρHH √
1 − ρIN

] [ √
ρH√

1 − ρIN

]
= ρHHH + (1 − ρ)IN .

It is assumed that the channel is Rayleigh fading, hence, it can be assumed that H has full
rank. Furthermore, the rank of H equals the rank of HHH, i.e., rank(H) = rank(HHH) =

K. Then by the rank-nullity theorem [11, Theorem 10.9] it must hold that

nullity(HHH) = N − K > 0,

where the inequality stems from the assumption that there are more antennas than users
K < N. Since the nullity of HHH is non-zero, there is at least one eigenvalue equal to
zero. HHH is a positive semi-definite matrix, hence, its eigenvalues are non-negative [11,
Theorem 18.26]. It can be seen that the eigenvalues of Q are the eigenvalues of HHH plus
1 − ρ. Therefore, the smallest eigenvalue of Q and Q̃ is 1 − ρ.

Using (5.15), it can be seen that

λopt ≤ 0 ≤ λmin = 1 − ρ.

If 0 ≤ ρ < 1, we are always in the easy case, i.e., λopt < λmin. However, if ρ = 1, it is
possible that we are in the hard case, i.e., λopt = λmin. Therefore, we first let 0 ≤ ρ < 1 and
examine the easy case.

The Easy Case

Based on (5.12), when isolating for x̃opt, the following function is defined

h(λ) =

{(
Q̃ − λINL

)−1 g̃ if λ < λmin(
Q̃ − λINL

)† g̃ if λ = λmin

where (·)† denotes the Moore-Penrose pseudo-inverse. The function h(λ) is well defined
when λ < λmin since this implies that all the eigenvalues of Q̃ − λINL are non-zero, hence,
Q̃ − λINL is invertible. If λ = λmin, then Q̃ − λINL is not invertible, and so the Moore-
Penrose pseudo-inverse is used [28, p. 4]. The Moore-Penrose pseudo-inverse equals the
standard inverse when Q̃ − λoptINL is invertible. Therefore, it follows that

h(λopt) =
(
Q̃ − λoptINL

)† g̃ = x̃opt. (5.16)

When λ = λmin, x̃opt is the vector such that ∥(Q̃ − λoptINL)x̃opt − g̃∥2
2 is minimised [11,

Theorem 19.7]. Hence, the optimisation problem can be solved by finding λopt.
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5.3. Trade-off Design with a Total Power Constraint

First, assume that λ < λmin, hence

∥h(λ)∥2
2 = ∥(Q̃ − λINL)

−1g̃∥2
2, (5.17)

since Q̃ is Hermitian, there exists an eigenvalue decomposition VΛVH, where V is a uni-
tary matrix and Λ is a real diagonal matrix consisting of the eigenvalues of Q̃ [11, Corollary
18.18]. Therefore, (5.17) can be rewritten as

∥h(λ)∥2
2 = ∥(VΛVH − λINL)

−1g̃∥2
2

= ∥(V(Λ − λINL)VH)−1g̃∥2
2

= ∥V(Λ − λINL)
−1VHg̃∥2

2.

Since V is a unitary matrix, it does not change the norm [11, Lemma 12.13]. Hence,

∥h(λ)∥2
2 = ∥(Λ − λINL)

−1VHg̃∥2
2

=
NL

∑
i=1

∣∣(VHg̃)i
∣∣2

(λi − λ)2 ,

where λi is the ith smallest eigenvalue of Q̃. It can be seen that ∥h(λ)∥2
2 is a continuous

and monotonically increasing function for λ < λmin. Since λopt < λmin, it must hold that
∥h(λopt)∥2

2 < ∥h(λmin)∥2
2. Then, from (5.16) there must exist a unique λopt < λmin satisfying

(5.13) such that λopt is the root in

∥h(λopt)∥2
2 = ∥x̃opt∥2

2 = LPT

[28, p. 4]. The root can be obtained by using a root finding algorithm such as the bisection
method on the interval [a, λmin], where a < 0 is chosen sufficiently small such that a < λopt

[22, p. 148]. When λopt is obtained, we can find xopt by using (5.16).

The final algorithm for solving the optimisation problem for the trade-off design with a
total power constraint can be seen in Algorithm 1.

Algorithm 1 Algorithm for Solving (5.8)

Input: H, S, X0, PT and 0 ≤ ρ < 1
Output: Xopt

1. Compute g̃ and Q̃.
2. Compute the eigenvalue decomposition VΛVH of Q̃.
3. Find roots of ∥h(λ)∥2

2 − LPT = 0 on the interval [a, λmin] using the bisection method.
4. Compute xopt = (Q̃ − λoptINL)

†g̃.
5. Reshape xopt into Xopt.

The Hard Case

When ρ = 1, it is possible that we are in the hard case. Some known algorithms to
solve this problem are the MS algorithm or the shift and deflation technique. These are
presented in [28, p. 10] and [28, p. 33], respectively. However, since ρ = 1, communication
is given full priority, and another waveform design focusing fully on communication might
be preferable. Therefore, this problem will not be reviewed in this project.

27



6 Numerical Results
This chapter presents numerical results for the optimisation problems derived in Chap-
ter 5. Various variables influence the numerical results. To centre the attention on the
trade-off design the transmit power is set to PT = 1, the number of antennas is N = 16,
and the length of the communication frame is L = 30. However, the number of users, K,
varies depending on the experiment.

The communication channel is assumed to be flat Rayleigh fading and is simulated as a
standard complex Gaussian distribution, i.e., Hi,m ∼ CN (0, 1). The transmitted symbols,
encoded with a QPSK constellation, are drawn from a uniform distribution. For the radar
system, the complex channel gain is modelled as a standard complex Gaussian distribu-
tion, i.e., βb ∼ CN (0, 1). The false alarm probability is set to PFA = 10−3.

The signal-to-noise ratio (SNR) at the users, referred to as the communication SNR, is
defined as

SNRcom =
PT

N0
.

The SNR at the radar receiver is referred to as the radar SNR and is defined as

SNRrad =
PT

σ2
ϵ

.

Having specified the assumptions for the numerical experiments, our results will be pre-
sented.

6.1 Omnidirectional and Directional Beampatterns with Strict
Equalities

For this section, we first show the transmit beampattern for the omnidirectional and direc-
tional beampattern designs with strict equality constraints, as derived in Section 5.1 and
Section 5.2, respectively. The omnidirectional and directional beampattern are depicted in
Figure 6.1.
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6.1. Omnidirectional and Directional Beampatterns with Strict Equalities
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(a) Omnidirectional beampattern.
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(b) Directional beampattern.

Figure 6.1: Beampatterns for the omnidirectional and directional waveforms.

In Figure 6.1a, the beampattern is seen to be evenly distributed, which is desired for the
omnidirectional beampattern. In Figure 6.1b, we consider one target at θ = 0◦. It can be
seen that the transmit power is concentrated at θ = 0◦, which is desired for the directional
beampattern.

To show the communication performance, the SEP is plotted as a function of SNRcom in
Figure 6.2.
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Figure 6.2: SEP comparison.

In Figure 6.2, it can be seen that the omnidirectional waveform outperforms the direc-
tional waveform. This is due to the directional waveform focusing only in one direction.
Therefore, when the SNRcom increases, the SEP only decreases a little. Compared to the
omnidirectional waveform, which transmits equally in all directions, the SEP is constant
in all directions, so as the SNRcom increases, the SEP will decrease more. Furthermore,
the zero MUI is a theoretical minimum, i.e., HX − S = 0, thus Ycom = S + W with is a
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6.1. Omnidirectional and Directional Beampatterns with Strict Equalities

Gaussian channel. Therefore, as the SNRcom increases, the SEP decreases until only a sig-
nal is present. Both the omnidirectional and directional waveforms are far away from the
theoretical minimum. Especially the directional waveform has poor performance in terms
of the SEP.

In Figure 6.3, the detection probability PD is plotted as a function of the angle θ with
SNRrad = −8 dB.
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(a) Detection probability PD(θ) for the omnidirectional
waveform with SNRrad = −8 dB.
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Figure 6.3: Detection probability for the omnidirectional and directional waveform.

For the omnidirectional waveform in Figure 6.3a, the detection probability is evenly dis-
tributed over all possible angles of θ. For the directional waveform in Figure 6.3b, the
detection probability is concentrated at θ = 0◦, where the detection probability almost
reach 100%. The further away the angles are from θ = 0◦, the lower the detection prob-
ability becomes. Therefore, if the target is placed at θ = 0◦, the directional waveform is
preferred since it has a higher detection probability at that angle. However, if the target’s
position is further away from θ = 0◦, the omnidirectional waveform is preferred since it
has a detection probability over 80% for all angles.
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The SNRrad affects the detection probability. This can be seen in Figure 6.4.
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(a) Detection probability PD(θ) and SNRrad for θ = 0◦.
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(b) Detection probability PD(θ) and SNRrad for θ = 45◦.

Figure 6.4: Detection probability for the omnidirectional and directional waveforms with different angles.

In Figure 6.4a, the detection probability increases faster for the directional than for the om-
nidirectional waveform. For SNRrad = −30 dB, the directional waveform has a detection
probability over 20%, whereas the omnidirectional still has a detection probability close
to 0% at the same SNRrad. The directional waveform reaches a detection probability of
over 80% at an SNRrad value more than 10 dB smaller than the SNRrad value where the
omnidirectional waveform obtains the same detection probability. Therefore, it is clearly
observed that the directional waveform outperforms the omnidirectional. However, note
that in the figure, θ = 0◦, which is where the directional waveform is concentrated. There-
fore, the directional waveform is expected to perform better than the omnidirectional. In
Figure 6.4b, the opposite happens, i.e., the omnidirectional waveform outperforms the di-
rectional. In this case, θ = 45◦. Therefore, the outcome in the figure is expected since the
directional waveform is concentrated at θ = 0◦.
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6.2 Trade-off with a Total Power Constraint

The beampatterns for the trade-off design with a total power constraint, as derived in
Section 5.3, are plotted in Figure 6.5 for K = 4. The waveform X0 is the waveform derived
for the omnidirectional, Section 5.1, or directional beampattern, Section 5.2, with a strict
equality constraint and using a = −2 to finding a root in Algorithm 1.

75 50 25 0 25 50 75
 (Deg)

8

6

4

2

0

2

4

Be
am

pa
tte

rn
 (d

B)

Beampatterns Omnidirectional

0.0
0.225
0.45
0.675
0.9

(a) Omnidirectional beampatterns for different values
of ρ.
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(b) Directional beampatterns for different values of ρ.

Figure 6.5: Beampatterns for different values of ρ. The channel matrix and symbol matrix is constant.

In Figure 6.5a, the omnidirectional beampatterns for different values of ρ are plotted.
When ρ = 0, the beampattern is identical to the one in Figure 6.1a for the omnidirectional
with a strict equality constraint, as expected. As ρ increases, so do the fluctuations in
the beampatterns. Therefore, the order of the beampatterns is constant for the different
values of ρ. The beampattern for ρ = 0.9 has always bigger fluctuations than any of the
beampatterns for smaller values of ρ. In the same way, for ρ = 0.225, the beampattern
has always smaller fluctuations than any of the beampatterns for higher values of ρ. This
outcome of the beampatterns is expected since for higher values of ρ, the beampatterns
deviate more from the initial radar beampatten.

The directional beampatterns for different values of ρ are plotted in Figure 6.5b. When
ρ = 0, the beampattern is identical to Figure 6.1b for the directional with a strict equality
constraint. As ρ increases, the beampatterns become more efficient for communication
since the energy is more evenly distributed over the different angles. However, for ρ = 0.9,
the beampattern is still very concentrated at θ = 0◦.
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Omnidirectional Trade-off

Different plots for the omnidirectional trade-off waveform are presented in Figure 6.6 for
K = 4.
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(b) Detection probability with SNRrad = −8 dB.
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Figure 6.6: Plots for the omnidirectional waveform trade-off design with K = 4.

The SEP is plotted in Figure 6.6a for different values of ρ. For ρ = 0, the SEP is 32.5%.
However, a high SEP is expected for small values of ρ, since radar is given full priority
when ρ = 0. Therefore, as ρ increases, the SEP decreases as expected. In Figure 6.6b,
the detection probability is plotted for different values of ρ. The detection probability
decreases for higher values of ρ, which is expected since the communication is given full
priority at ρ = 1. The spikes occurs due to the small change in detection probability on
the y-axis.

The trade-off between radar and communication for the omnidirectional waveform is il-
lustrated on Figure 6.6c for different values of ρ. When ρ is close to zero, the detection
probability increases, which enhances radar performance. At the same time, the SEP also
increases, leading to degraded communication performance. When ρ is close to 1, the op-
posite happens, meaning that both the detection probability and SEP decrease. This leads
to enhanced communication performance and degraded radar performance. Therefore,
the trade-off plot confirms that the performance balance between radar and communica-
tion is controlled by ρ.
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In Figure 6.7, the trade-off plots are generated for K = 6 and K = 8.
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(b) K = 8.

Figure 6.7: Plots for the omnidirectional waveform trade-off design at θ = 0◦. The SNRcom = 0 dB and
SNRrad = −8 dB. The values on the graphs are the corresponding values of ρ.

In both Figure 6.7a and Figure 6.7b, there is a small decrease in the detection probability
for large values of ρ compared to Figure 6.6c. Furthermore, there is an increase in the SEP
for more users. For ρ = 0.95 in Figure 6.6c, the SEP is approximately 15%, whereas in
Figure 6.7b, the SEP is close to 25% for the same value of ρ. This is due to an increase in
the number of users, which causes more interference.
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Directional Trade-off

Different plots for the directional trade-off waveform are presented in Figure 6.8 for K =

4.
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Figure 6.8: Plots for the directional waveform trade-off design at θ = 0◦ with K = 4.

The SEP and detection probability for different values of ρ are plotted in Figure 6.8a and
Figure 6.8b, respectively. Both plots show the same tendencies as in the case with the
omnidirectional waveform. As ρ increases, the SEP and detection probability decrease, as
expected. However, the SEP for ρ = 0 is more than 50% compared to the omnidirectional
waveform, where the SEP was 32.5% for the same value of ρ and K = 4. This occurs
since the directional waveform has a more degraded communication performance at ρ =

0 compared to the omnidirectional waveform due to the power being concentrated at
θ = 0◦. The detection probability for ρ = 0 is more than 15% higher compared to the
omnidirectional waveform for the same value of ρ and K = 4. This is a leap in the radar’s
performance due to the directional waveform having increased detection probability at
θ = 0◦.

In Figure 6.8c the trade-off between the radar and communication is plotted. The observa-
tions are the same as in the case for the omnidirectional waveform. However, the detection
probability and SEP are increased, as explained previously.
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The trade-off plots are generated for K = 6 and K = 8 in Figure 6.9.
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Figure 6.9: Plots for the directional waveform trade-off design at θ = 0◦. The SNRcom = 0 dB and SNRrad =
−8 dB. The values on the graphs are the corresponding values of ρ.

In Figure 6.9a for ρ = 0.95, the detection probability drops to almost 90% in comparison
to 97.4% for the same value of ρ when K = 4 in Figure 6.8c. The decrease is due to more
users increasing the demand for better communication performance. The trade-off is a
lower radar performance. Furthermore, there is an increase in the SEP, which is expected
as more users interfere with each other. For K = 8 in Figure 6.9b, the same tendency is
observed.

Comparisons

On Figure 6.10, the SEP and detection probability are plotted for the omnidirectional and
directional waveforms with strict equalities and a trade-off design with ρ = 0.5. These are
shown as a function of SNR.
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Figure 6.10: Comparison between omnidirectional and directional waveforms with strict equalities and trade-
off design with ρ = 0.5. K = 8.
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6.2. Trade-off with a Total Power Constraint

In Figure 6.10a, it can be seen that for both the omnidirectional and directional trade-off
designs with ρ = 0.5 the SEP decreases compared to their respective waveforms with strict
equalities. This leads to an enhanced communication performance. The detection prob-
ability for the different waveforms is plotted in Figure 6.10b. The directional waveform
design entails a decrease in the detection probability for the trade-off design with ρ = 0.5
compared to the directional waveform with strict equality. This illustrates the trade-off
where a decrease in SEP entails a decrease in detection probability. For the omnidirec-
tional waveform, the detection probability remains almost unchanged for the trade-off
and strict equality designs.
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7 Discussion
In this project, our purpose was to design a dual-functional waveform with an adjustable
trade-off between sensing and communication performance. Therefore, a technique to
design such a waveform has been derived. Numerical results were presented to examine
the efficiency of the technique for an adjustable trade-off.

The derived technique encountered a problem when the weighting factor for the radar
and communication performance was equal to ρ = 1. This was considered a possible hard
case. However, when ρ = 1, the communication part of the system was given full priority,
and one might be interested in designing a waveform fully intended for communication.
Therefore, this case was disregarded in this project since our focus was on designing an
adjustable trade-off.

In Section 6.2, we found that the detection probability decreased as the SEP decreased for
both the omnidirectional and directional waveform. This confirms that we have obtained
an adjustable trade-off between sensing and communication performance, where one is
reinforced at the expense of the other. For the omnidirectional, waveform there was only a
small decrease in the detection probability. Therefore, it was possible to enhance the com-
munication performance significantly without losing a lot of radar performance. For the
directional waveform, there was a larger decrease in the detection probability compared
to the omnidirectional waveform. Although it was still considered a small decrease. To be
able to specify further when a decrease in the detection probability is small or large, one
could, for instance, introduce a desired threshold for the detection probability depending
on their objective.
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8 Conclusion
A key feature in 6G will be a dual-functional RadCom waveform. In this project, a dual-
functioning waveform design with an adjustable trade-off between sensing and communi-
cation performance has therefore been derived.

First, a narrowband communication model was presented, and the Rayleigh fading chan-
nel model was developed. The SEP was presented as a metric for communication perfor-
mance. Next, a model of MIMO radar was modelled and a technique for designing both
omnidirectional and directional probing signals was presented. The detection probability
was derived as a metric for the radar performance. In order to design the waveform, two
optimisation methods were presented: the orthogonal Procrustes problem and the TRS.
The orthogonal Procrustes problem was then used to design a waveform minimising the
MUI energy for an omnidirectional and directional beampattern. Next, the TRS was used
to design a waveform with an adjustable trade-off between minimising the MUI energy
and a desired radar waveform under a total power constraint. Lastly, the numerical results
were presented in order to validate the performance of the waveform.

To conclude, a technique to design a dual-functional waveform with an adjustable trade-
off has been developed. The technique in this project does not take into account the case
where the communication part is fully prioritised. The designed dual-functional waveform
achieved an adjustable trade-off between radar and communication performance.
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A Linear Algebra
Definition A.1 (Trace of a Matrix)
The trace of a matrix A ∈ Cn×n, denoted Tr(A), is defined as the sum of the diagonal
entries of A. It is written as

Tr(A) =
n

∑
i=1

ai,i.

[14, p. 90]

Lemma A.2 (Trace of Matrix Product)
If A ∈ Cm×n and B ∈ Cn×m, then

Tr(AB) = Tr(BA).

[14, p. 110]

Proof
Let A = [ak,i] and B = [bk,i], then the i’th term on the diagonal of AB equals

n

∑
k=1

ai,kbk,i.

Thus

Tr(AB) =
n

∑
i=1

[AB]i,i

=
n

∑
i=1

n

∑
k=1

ai,kbk,i

=
n

∑
k=1

n

∑
i=1

bk,iai,k

=
n

∑
k=1

[BA]k,k

= Tr(BA)

as desired. ■

Lemma A.2 can be extended to show that the trace is invariant under cyclic permutation.
This is called the cyclic property of trace, for any conformable matrix product

Tr(ABC) = Tr(BCA) = Tr(CAB).
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Noncyclic or arbitrary permutations does not preserve the trace, such as

Tr(ABC) ̸= Tr(BAC).

Lemma A.3
If A ∈ Cn×n then

Tr
(

AH
)
= Tr(A)

Proof
Let A ∈ Cn×n then

Tr
(

AH
)
=

n

∑
i=1

ai,i

=
n

∑
i=1

ai,i

= Tr(A). ■

Definition A.4 (Frobenius Matrix Norm)
The Frobenius norm of A ∈ Cm×n is defined by the equations

||A||2F =
n

∑
i

m

∑
k
|ai,k|2 = Tr

(
AHA

)
.

[14, p. 279]

Lemma A.5
If A is a Hermitian matrix, then xHAx is real valued. [25, Lemma 11.1]

Proof
If A is a Hermitian matrix, then AH = A. Finding the conjugate transpose of the expres-
sion xHAx yields (

xHAx
)H

= xHAHx = xHAx.

Since the conjugate transpose of the expression yields itself, the expression must be real
valued. ■
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